This paper numerically investigates the viscous dissipation effect on the boundary layer flow of an electrically-conducting viscoelastic fluid (Walter's B liquid) past a nonlinear stretching sheet. The partial differential equations governing the flow problem are transformed into ordinary differential equations through similarity variables. The transformed equations are then solved using the Keller box method. A careful evaluation of the influence of the pertinent parameters on the velocity field and temperature distributions through various plots is done for the prescribed surface temperature (PST) and prescribed heat flux (PHF) boundary conditions. The computed coefficient of skin friction, the rate of heat transfer (Nusselt number), and the temperature at the wall are also presented in tabular form. It is revealed from this table that the magnitude of the heat transfer is reduced with the increase in the Eckert number Ec, viscoelastic parameter K, and magnetic parameter M for the PST case by about 12%, 20%, and 29%, respectively. Similarly, the temperature at the wall for the PHF case also decreases with the increase in Ec and M by about 8% and 24%, respectively. It is obvious that the application of the PST condition excels at keeping the viscoelastic fluid warmer than the PHF condition. This implies that applying the PHF condition is better for cooling the sheet faster. The temperature at the wall is unchanged with the changes in the pertinent parameters in the PST case, and it is ascertained that the present results are in close agreement with the previous published results.
Introduction
The existence of the closed-form solution, the simplicity of the mathematical expression, and the numerous applications, such as plastic sheet extrusion, drawing of plastic films, metallic plate cooling, and the glass blowing of the boundary layer flow past a stretching sheet, have received much attention in recent years. In the process of manufacturing the sheets (metal and plastic), it is required that the melt materials from a slit be stretched continuously until the required thickness is achieved. However, the desired final product of the production process largely depends on the rate at which the sheet cools. The rate of cooling is fundamentally influenced by the type of fluid adjacent to the boundary layer surface [1, 2] . The rate at which the sheet is stretched and the rate at which it cools are the two major mechanisms that influence the mechanical properties of the desired product. Similarly, the behaviors of the fluid flows and heat transfer induced by elongating or a moving sheet play a vital role in an industrial process [3] .
Andersson [24] studied MHD viscoelastic fluid flow over a stretching sheet. He reported from his findings that both viscoelastic and magnetic parameters have the same effect in the fluid flow problem. The radiative effect on MHD viscoelastic fluid flow past a stretching sheet was examined by Char [25] . Likewise, Prasad et al. [26] examined the behavior of an electrically-conducting viscoelastic fluid and heat transfer over a stretching sheet. They noticed that an increase in the magnetic parameter leads to a significant decrease in the wall temperature profile and the velocity gradient. Moreover, an exact solution of a viscoelastic fluid past a stretching sheet with a heat source and viscous dissipation was studied by Abel et al. [27] . Later, Abel et al. [28] examined MHD viscoelastic fluid flow past a stretching sheet and found that the surface temperature of the flow diminishes with the increase in the viscoelasticity. Furthermore, the flow of a viscoelastic fluid induced by a nonlinear stretching sheet using the optimal homotopy analysis method was studied by Mustapha [29] .
Besides the importance of a magnetic field in the boundary layer flow and heat transfer is the presence of viscous dissipation in the energy equation. Viscous dissipation plays a significant role similar to that of the energy source, which changes the distribution of the temperature and thereby the rate of heat transfer. This process finds its applications in the flow of oil products through ducts and in polymer processing. The viscous dissipation effect and variable surface temperature on viscous flow past a stretching sheet were examined by Cortell [9] . He explained that the temperature of the fluid rises with an increase in the Eckert number. In the same vein, Abel et al. [30] analyzed the Ohmic and viscous dissipation effect on the MHD boundary layer flow of a viscoelastic fluid past a linear stretching sheet. They observed from their study that the fluid temperature in both the PST and PHF cases amplified with the increase in viscous dissipation parameter. The effects of viscous dissipation and thermal radiation on two-dimensional viscous flow over a nonlinear stretching sheet was addressed numerically through a similarity solution by Cortell [31] . He showed that an increase in thermal radiation and Eckert number leads to the increase in the temperature distribution. A Casson fluid flow over a nonlinear stretching sheet was studied by Medikare et al. [32] . The effects of the heat source/sink and viscous dissipation on magnetohydrodynamic non-Newtonian fluid flow in the presence of Cattaneo-Christov heat flux was examined by Ramandevi et al. [33] . Recently, the effect of joule heating and viscous dissipation on an electrically-conducting tangent hyperbolic nanofluid was examined by Atif et al. [34] . It was reported in their work that the Eckert number and slip parameter enhanced the thermal and concentration fields.
From the above reviews, it is perceived that no consideration has been given to an electrically-conducting viscoelastic fluid over a nonlinear stretching sheet with the viscous dissipation effect. This provides the enthusiasm for the present work, in which the effects of power law surface temperature and power law surface heat flux on the characteristics of the heat transfer of an MHD viscoelastic fluid past a nonlinear stretching sheet in the presence of viscous dissipation are investigated. The unconditionally stable Keller box method was employed in solving the transformed ordinary differential equation by considering non-isothermal boundary conditions. This boundary condition is applicable in an engineering process where the temperature in not constant.
Constitutive Equation
The rheological equation of state, which is also known as the constitutive equation, describes the relationship between strain, stress, and their time dependence. According to Newtons's law of viscosity "the stress is often proportional to the strain rate",
where, τ, µ, and ∂u ∂y respectively represent the shear stress, the dynamic viscosity, and the velocity gradient or rate of the strain. Thus, any fluid that does not obey Newtons's law of viscosity is termed as a non-Newtonian fluid. Examples of such fluids are a Casson fluid, a viscoelastic fluid, a power law fluid, and many more. There is no single constitutive equation that describes the behaviors of non-Newtonian fluids due their diverse nature. However, amongst the numerous non-Newtonian fluids' models is Walter's B viscoelastic fluid model. This model has a constitutive equation of the form [35, 36] :
The Cauchy stress tensor T is expressed in terms of scalar pressure p, identity tensor I, dynamic viscosity µ 0 , short memory coefficient k 0 , and the convected differentiation of the strain rate δe δt , while the strain rate tensor e is defined in terms of the velocity vector u as:
It is convenient to represent (3) in the form of matrix suffix notation as:
where i and j can take values of one and two for two-dimensional flows, and δe δt is expressed as:
Here, u denotes the velocity vector. Furthermore, the generalized constitutive equation for Walter's B viscoelastic fluid can be expressed as:
Lastly, the Cauchy equation of motion is given by (see Jaluria [37] ):
where ρ is the fluid density, Du Dt is material derivative, T is the Cauchy stress tensor and F=(F x , F y , 0) is the body force. Following Ahmad et al. [38] , the body force F can be expressed as F = ρg + J × B, where g is the gravitational field, J is the current density, B = (0, B, 0) is the magnetic force and J × B is the Lorentz force and is simplified as
where σ is the electrical conductivity.
Flow Problem Formulation
A two-dimensional electrically-conducting viscoelastic Walter's B fluid flow in the presence of viscous dissipation over a vertical nonlinear stretching sheet at y = 0 is considered in this problem. The sheet was assumed to vary nonlinearly with the velocity U w = ax n , where n represents the nonlinear stretching parameter and a(> 0) is the stretching rate constant. This fluid flow obeys the constitutive Equation (6) . The surface of the sheet was held at power law surface temperature T w = T ∞ + bx (2n−1) and power law heat flux −k ∂T ∂y = cx 2n−1 , where n is the parameter for surface temperature, b(> 0) and c(> 0) are constants, and T ∞ is the ambient temperature of the viscoelastic fluid. The variable magnetic field B(x) = B 0 x (2n−1) was applied normal to the sheet as shown in Figure 1 with xy-Cartesian coordinates in the horizontal and vertical direction. The steady two-dimensional continuity and Cauchy momentum equations are [36, 37, 39, 40] :
where τ xx , τ xy , τ yx , and τ yy are the components of the stress matrix, ∂τ xx ∂y and ∂τ yy ∂y are elastic terms, while To simplify Equations (10) and (11), we need to find ∂τ xx ∂y , ∂τ yy ∂y , ∂τ xy ∂y , and ∂τ yy ∂y through Equation (6) and substitute it back into (10) and (11) to get:
The x momentum equation:
The y momentum equation:
Following boundary layer theory, we can assume an order of magnitude approach on each term of Equations (12) and (13) as (see Beard and Walter [35] ):
Simplify boundary layer Equations (12) and (13) with these orders of magnitude to obtain:
∂p
Equation (15) gives the momentum boundary layer equation for the viscoelastic fluid with the magnetic field. Since the vertical plate is directed along the x-axis, the pressure gradient ∂p ∂x = 0. Hence, the momentum boundary layer governing equations for two-dimensional electrically-conducting viscoelastic fluid are given by:
subject to the following flow boundary conditions:
where x is parallel along the sheet, y is the direction perpendicular to the sheet, u and v are the horizontal and vertical velocity in the xy-direction, respectively, ν is the kinematic viscosity, and k o is the coefficient of the viscoelasticity, while all other physical parameters are as defined above.
To reduce the complexity of the system of the governing equations into the system of ordinary differential equations, a similarity transformation in the following form is introduced as (see Vajravelu [7] ),
where ψ(x, y) denotes the stream function and is defined by:
Substituting Equations (19) and (20) into Equations (17) and (18) yields dimensionless ordinary differential equations:
subject to the following dimensionless boundary conditions:
where the prime represents the derivative of f with respect to η and the dimensionless quantities in these equations are nonlinear sheet parameter n, viscoelastic parameter K, and magnetic parameter M, which are defined as:
The physical quantity of interest is the coefficient of skin friction C f at the stretched surface and defined as:
where τ w is the wall shear stress from the plate and is given by:
Heat Transfer Analysis
For the analysis of heat transfer, two cases of the heating process are considered, i.e.,
These non-isothermal conditions are applicable in industrial and engineering processes where the temperature is not constant. The energy equation with the viscous dissipation term is given by (see Cortell [9] ):
where T, α, and ρC p are respectively the temperature, thermal diffusivity, and specific heat capacity of the fluid at constant pressure, while all other physical parameters are as defined above. The thermal boundary conditions depend on the type of heating process under consideration. The momentum Equation (15) and the energy Equation (26) are decoupled and thereby solved sequentially.
Case I: Prescribed Surface Temperature
For this case, the thermal boundary conditions are:
where n stands for wall temperature parameter, and when n = 1 2 , we have the isothermal boundary condition. The dimensionless temperature θ(η) is assumed to be of the form:
Substituting Equations (19) , (20) , (27) , and (28) into Equation (26) gives:
also, the boundary conditions (27) become:
Here, Pr and Ec represent the Prandtl and Eckert numbers, respectively, defined as:
The physical quantity of interests here is the local Nusselt number Nu x , which is defined by:
where q w is the wall heat flux from the plate and is expressed as:
Case II: Prescribed Heat Flux
where n stands for the surface temperature parameter. The dimensionless temperature g(η) is assumed to be of the form:
Substitute Equations (19) , (20) , (34) , and (35) into Equation (26) to get dimensionless energy equation for PHF as:
similarly, the corresponding boundary conditions (34) give:
and all other physical parameters are in analogy with those mentioned in case 1, except for the constant c, which will be replaced in PHF.
Method of the Solution
An implicit finite difference scheme known as the Keller box method is used in solving the ordinary differential Equations (21), (29) , and (36) with their respective boundary conditions (22) , (30) , and (32) . This method is very accurate, useful, efficient, and unconditionally stable. More explanations of this method can be found in [41, 42] , and it involves four basic steps:
(i) the transformed ordinary equations are expressed in the system of first order equations in η.
(ii) the resulting first order system of equations is written as finite difference equations using the central difference method about the mid-point.
(iii) the resulting finite difference equations are linearized by Newton's method.
(iv) the linearized system of equations is written in matrix vector form and then solved using the block tri-diagonal elimination method.
The step size ∆η = 0.02 was used to achieve the numerical solution, and the procedures were repeated until the convergence to a specified accuracy was achieved.
Results and Discussion
In order to examine the effects of nonlinear stretching parameter n, viscoelastic parameter K, magnetic parameter M, Eckert number Ec, and Prandtl number Pr, on boundary flow of an electrically-conducting viscoelastic fluid past a nonlinear stretching sheet, results from the graphs for velocity and temperature profiles, as well as the numerical results of the skin friction coefficient and heat transfer rate (reduced Nusselt number) for the PST and PHF cases are illustrated in tables. To validate the accuracy of the present numerical method, we computed and compared the present results for skin friction coefficient f (0) with different values of n and K with that of Vajravelu [7] and Arnold et al. [43] as displayed in Table 1 , heat transfer rate θ (0) (for the PST case), and the surface temperature g(0) (for the PHF case) for different values of Pr with that of Arnold et al. [43] when Ec = 0.1 and K = 0.02, as shown in Table 2 . The current results demonstrated a close agreement with the previous results under some certain conditions. It is also observed from Table 2 that the rate of heat transfer increased with an increase in Pr for the PST case. This is because fluid with higher Pr has a comparatively lower thermal conductivity, which decreases the conduction, which in turn increases the variation. This phenomenon reduces the thickness of the thermal boundary layer and increases the heat transfer at the surface. Similarly, the surface temperature reduced with the increase in the Pr for the PHF case. This implies that an increase in Pr has a cooling effect on the surface. Table 3 is introduced to analyze the influence of some physical parameters for M = 0 and M = 5 on the coefficient of skin friction f (0), and it is observed from this table that an increase in n and K increased the coefficient of skin friction f (0) significantly. This behavior is also true with the inclusion of a magnetic field M into the flow problem. In Table 4 , the variation of the rate of heat transfer θ (0) and the temperature at the wall g(0) with different values M, K, Ec, and Pr for n = 2 in both PST-and PHF cases is recorded. It is clear that the magnitude of the heat transfer rate decreased with an increase in M, K, and Ec and increased significantly with the increase in the value of Prandtl number Pr for the PST case. Similarly, the temperature at the wall increased with the increase in Ec and M and reduced with respect to the increase in K. The effect of K was to increase the heat transfer rate for the PST case and the temperature at the surface for the PHF case, while the effect of Ec and M was to amplify the heat transfer rate and diminish the temperature at the surface for both the PST-and PHF cases. This implies that the thickness of the thermal boundary layer reduced as M and Ec increased, which led to the higher heat transfer rate at the surface, thereby enhancing the temperature g(η). Similarly, an increase in Pr led to the reduction in the thickness of the thermal boundary layer in both cases.
The effects of different dimensionless parameters, such as nonlinear stretching parameter n, viscoelastic parameter K, magnetic parameter M, Eckert number Ec, and Prandtl number Pr, for prescribed surface temperature (PST) and prescribed heat flux (PHF) on the electrically-conducting viscoelastic fluid and heat transfer are depicted in Figures 1-13 . Figures 2-4 illustrate the behaviors of velocity and temperature profiles for various values of nonlinear stretching sheet parameter n with and without a magnetic field in the PST and PHF cases. An increase in n decreased the velocity profile, which led to the increase in the coefficient of skin friction. The decrease was high in the presence of a magnetic field, which physically shows the influence of a magnetic field in an electrically-conducting viscoelastic fluid to produce an opposing force known as Lorentz force. This force has the ability of slowing down the fluid flow in the layer region. It is also noticed from Figure 2 that an increase in M decreased the velocity profile. Figures 3  and 4 illustrate that the temperature profiles for PST-and PHF cases increased with the increase in the nonlinear stretching sheet parameter n. This implies that the rate of heat transfer reduced with the increase in n. This phenomenon showed that the thickness of the momentum boundary layer became thinner and thermal boundary thickness became thicker with an increase in n. The same behavior of this trend was reported by Vajravelu [7] . Table 1 . Comparison of local skin friction f (0) at the wall for the present results and that of Vajravelu [7] when K = R = Q = Ec = 0 with that of Arnold et al. [43] for various values of K when M = Ec = 0. The effect of viscoelastic parameter K on the velocity and temperature profiles is illustrated in Figures 5-7 in the presence and absence of a magnetic field. The momentum boundary layer thickness decreased with the increase in the value of K, as shown in Figure 5 . This implies that tensile stress enhances the viscoelasticity through a large value of K, which has a tendency to increase the adherence to the surface of the momentum boundary layer, thereby reducing the velocity of the fluid. In the same vein, the temperature profile increased with the increase in the value of K in both PST-and PHF cases. Physically, an increase in the viscoelastic normal stress leads to the increase in the thermal boundary layer thickness. This process was the same in both the PST-and PHF cases. However, it is revealed by these figures that the inclusion of a magnetic field increased the thermal boundary thickness a bit higher compared to the case where M = 0. This result coincides with the results reported by Hayat et al. [18] . The influence of the magnetic field M on the temperature profiles is shown in Figures 8 and 9 . It is observed in these figures that the temperature profile increased with the increase in M. Physically, the presence of a magnetic field in an electrically-conducting fluid generates a drag-like body force, which always acts against flow, and as a result, the fluid flow decelerates. This force is known as Lorentz force and has the ability to oppose the fluid motion. The temperature of the fluid is also enhanced due to the resistance offered by this force. This shows the thermal boundary layer thickness was reduced in both the PST-and PHF cases. However, the decrease was more pronounced when Pr = 0.71 as compared to when Pr = 7. Figures 10 and 11 depict the effects of Eckert number Ec on the temperature profiles in the PSTand PHF cases in the presence of a magnetic field. It is noticed that an increase in the value of the Eckert number amplified the temperature profiles in both cases. The enhancement was higher for a small value of the Prandtl number. The influence of augmenting Ec is to improve the temperature distribution in the boundary layer region, thereby increasing the thickness of the thermal boundary layer. This is because heat energy is stored in the fluid due to frictional heating, which arises due to the presence of viscous dissipation. A large value of Ec produces more heat in the fluid. We can therefore infer that an increase in Ec improved the temperature of the fluid at any point for the PST-and PHF cases. However, the temperature distribution remained the same at the surface with the variation of the Eckert number for the PST case. A similar behavior was reported by [27] . Figures 12 and 13 are the plots of θ(η) and g(η) with respect to η for various values of Pr in the presence and absence of the Eckert number. It is clearly evident from these figures that an increase in Pr decreases the temperature profiles in the PST and PHF cases, respectively. This implies that the thickness of the thermal boundary layer is augmented with the decrease in the value of the Prandtl number. This is in close agreement with the results of Arnold et al. [43] . Physically, an increase in the Prandtl number will cause heat transfer enhancement, and this is consistent with the fact that the thickness of the thermal boundary reduces with an increase in Pr. 
Conclusions
The numerical solutions for the two-dimensional boundary layer flow of a viscoelastic fluid and heat transfer past a nonlinear stretching sheet in the presence of magnetic field M and viscous dissipation Ec for prescribed surface temperature (PST) and prescribed heat flux (PHF) were studied in this paper. The dimensional equations that govern the flow problem were reduced into nonlinear ordinary differential equations with the aid of an appropriate similarity transformation for nonlinear stretching sheet. The reduced equations were then solved numerically by the Keller box method. The effects of nonlinear stretching parameter n, viscoelastic parameter K, magnetic parameter M, Eckert number Ec, and Prandtl number Pr on the viscoelastic fluid and the characteristics of heat transfer were examined. The results for different values of n, K, and Pr were compared with the earlier results reported by Vajravelu [7] and Arnold et al. [43] for skin friction coefficient f (0), heat transfer rate θ (0), and surface temperature g(0) in the case of PST and PHF, respectively. The summary of the present results is shown below
•
The effect of nonlinear stretching parameter n was to reduce the thickness of the momentum boundary layer and increase the thermal boundary layer thickness in the PST and PHF cases. However, the rate of increase was higher in the PST case.
The increase in the value of the magnetic parameter resulted in decreasing the velocity profile and increasing the temperature profiles in both cases.
The influence of n, M, and K was to increase the coefficient of skin friction with its increase.
The magnitude of the rate of heat transfer reduced with an increase in M, K, and Ec, thereby increasing the temperature of the fluid for the PST case. However, the decrease was more pronounced with a higher value of Pr. Similarly, the temperature at the wall also decreased with the increase in these governing parameters for the PHF case.
The effect of Pr was to reduce the thickness of the thermal boundary layer and the rate of heat transfer at the surface for the PST case.
The surface temperature reduced with the increase in Pr for the PHF case. This implies that an increase the Prandtl number had a cooling effect on the surface.
